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STRONG CONVERGENCE BY A HYBRID ALGORITHM FOR SOIVING
GENERALIZED MIXED EQUILIBRIUM PROBLEMS AND FIXED POINT
PROBLEMS OF A LIPSCHITZ PSEUDO-CONTRACTION IN HILBERT SPACES*
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!Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand.
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Abstract. In this paper, we construct a sequence by using some appropriated closed convex sets based on the hybrid
shrinking projection methads to find a common solution of fixed point, problems of a Lipschitz pseudo-contraction and
generalized mixed equilibrium problems in Hilbert spaces. The strong convergence theorems are proved under some mild
conditions on scalars. The results not only cover the research work of Yao et al. [Y.H. Yao, Y.C. Liou, G. Marino, A
hybrid algorithm for pseudo-contractive mappings, Nonlinear Anal. 71 (2009) 4997-5002] but can also be applied for
finding the commeon element of the set of zeroes of a Lipschitz monotane mapping and the set of generalized mixed
equilibrium problems in Hilbert spaces.

Keywords: hybrid algorithm; pseudo-contractive mapping; strong convergence; generalized mixed equilibrium problem;

Hilbert space.
AMS Subject Classification: 47H05, 47H09, 47H10, 47125,

1. INTRODUCTION

‘The equilibrium problem theory provides a novel and unified treatment of & wide class of problems
which arise in economics, finance, image reconstruction, ecology, transportation, network, elasticity and
optimization, and it has been extended and generalized in many directions; see 1, 12]. In particular,
equilibrium problems are related to the problem of finding fixed points problems of some nonlinear
mappings. Therefore, it is natural to construct a unified approach to these problems. In this direction,
several authors have introduced some iterative schemes for finding a common element of the set of the
solutions of equilibrium problems and the set of fixed points, (see also [3, 7, 17-19] and the references
therein). In this paper, we suggest and analyze a hybrid algorithm for solving generalized mixed
equilibrium problems and fixed point problems of a Lipschitz pgeudo-contraction in the framework of
Hilbert spaces.

Let E be a real Banach space, and E* the dual space of E. Let C be a nonempty closed convex
subset of E. Let © : C x C' — R be a bifunction, @ : ¢' = R be a real-valued function, and 4 : ¢ — E*
be & nonlinear mapping. The generalized mixed equilibrium problem is to find # € ¢ such that

O (z,y) + (Az,y — 2) + ply) — p(z) = 0, VyeC. (L.1)
The solution set of (1.1) is denoted by GMEP (©, 4, ¢), ie.,

CMEP (8, A,¢) ={z € C:0{z,y) + {Azr,y — z) + p(y) — plz) > 0, ¥y e C}.
If A =0, the problem (1.1) reduces to the mixed equilibrium problem for €, denoted by MEF (©, ),
which is to find z € C such that

O (z,y) +9ly) —wlz) 20, YycC.
I © = 0, the problem (1.1) reduces to the mixed variational inequality of Browder type, denoted by
VI(C, A, ), which is to find 2 € ¢ such that

{Az,y — o) +@ly) — plz) =0, e C

*The project was supported by Centre of Excellance in Mathematics, CHE, Si Ayutthaya Road, Banghkok 10400,
Thailand.
*Corvesponding author at: Department of Mathematics, Faculty of Science, Naresuan University, Phitsauniok 65000,
Thailand. Tcl.:+-66 55963250; fax:-+-66 55063201,
Email addresses: kasamsuku@nu.ac.th {I[{asamsuk Ungchittrakool).
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If A =0 and ¢ = 0, the problem (1.1) reduces to the equilibrium problem for @ (for short, EP),
denoted by EP {8}, which is to find z € ¢ such that

Ofz,y) =0, Yyel (1.2)
Let © (z,y) = (Az,y — =) for all 2,y € C. Then p € EP (O) if and only if (Ap,y — p) > 0 for all
y € (', 1., pis a solution of the variational inequality; there are several other problems, for example, the
complementarity problem, fixed point problem and optimization problem, which can also be written
in the form of an EP. In other words, the EP is a unifying model for several problems arising in
physics, engineering, science, optimization, economics, etc. Many papers on the existence of solutions
of EP have appeared in the literature (see, for example, [1, 4-6] and references therein). Motivated
by the work [3, 11, 16], Takahashi and Takahashi [17} introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of the EP (1.2) and the
set of fixed points of a nonexpansive mapping in the setting of a Hilbert space. They also studied the
strong convergence of the sequences generated by their algorithm for a solution of the EP which is also
a fixed point of a nonexpansive mapping defined on a closed convex subset of a Hilbert space.
Recall, a mapping T with domain D(T") and range R(T) in H is called firmly nonexpansive if
[Tz~ Tyl < (T - Ty, & —y),Va,y € D(T),
nonexpansive if
Throughout this paper, I stands for an identity mapping. The mapping T is said to be a strict
pseudo-contraction if there exists a constant 0 € x < 1 such that :
ITz~ Ty < llz = ylI* + v) (I — D)z — (T = T2, Yo,y € D(T).
In this case, T' may be called a &-strict pseudo-contraction mapping. In the even that £ = 1, 7' is said
to be a pseudo-contraction, i.e.,
1Tz = Tyl® < llz = yl® + (T - T)z — (I — D)yl1?, Yo,y € D(T). (1.3)
It iy easy to see that (1.3} is equivalent to
@—y, (I - Tz~ (I -~ Ty} 2 0,Yz,y € D(T).
By definition, it is clear that
firmly nonexpansive = nonexpansive = strict pseudo-contraction = pseudo-contraction.
However, the following examples show that the converse is not true.
Example 1.1 (Chidume and Mutangadura [2]). Take H =R%, B={z € R?: ||z € 1}, By = {z &
Bilzl <3}, Bo={zeB:1<|lz| £1}. If 5 = (a,b) € H, we define o+ to be (b, —a) € H. Define
T:B-+Bby
x4at, x e B,
Tez=3 , N
m —x+zx, x € Bg.
Then, T' is Lipschitz and a pseudo-contraction but not a strict pseudo-contraction.

Example 1.2. Take I = R! and define T : H = H by Tx = —-3z. Then, T is a strict pseudo-
contraction but not a nonexpansive mapping.

Indeed, it is clear that T is not nonexpansive. On the other hand, let us consider

1Tz - Tyi* = |(=32) — (=3)" =9}z — yII* = = — ylI* + 8= — v
= o= ol + lle 1 = lle = + Sl - ay?
= o =yl + 510~ (=3) - (1 - (-’
= o = g1+ (T - The = (1~ Tyl

< o= yl* + &) - Tz ~ (T — Dyy)?

for all « € [1,1). Thus T is a strict pseudo-contraction.
3
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Example 1.3. Take H # {0} and let 7 = ~7, it is not hard to verify that T is nonexpansive but not
firmly nonexpansive.

From a practical point of view, strict pseudo-contractions have more powerful applications than
nonexpansive mappings do in solving inverse problems (see [15]). Therefore, it is important to develop
& theory of iterative methods for strict pseudo-contractions.

Takahashi and Zembayashi [18, 19] proposed some hybrid methods to find the solution of a fixed
point problem and an equilibrium problem in Banach spaces. Subsequently, many authors {see, e.g.
[8, 9, 13, 14, 21] and references therein) have used the hybrid metheds io solve fixed point preblems
and equilibrivm problems. _

Recently, Yao et al. [22] introduced the hybrid iterative algorithm which Just involved one sequence -
of closed convex set for a pseudo-contractive mapping in Hilbert spaces as follows:

Let €' be a nonempty closed convex subset of a real Hilbert space H. T.et T: C — C be a pseudo-
contraction. Let {or,} be a sequence in (0,1). Let 29 € H. For €] = ¢ and xr = Pg, (zg), define a
sequence {x,} of C' as follows: '

Un = (1 —an)2y + Tz,
Co1 = {’u € Ch ! lan{I = T)yn|? € 20 (@0 — v, (I — Ty} }, {1.4)
Tnyr = Po,,,(%o).

Theorem 1.4 ([22]). Let C be a nonempty closed conver subset of a real Hilbert space H. Let T :
C' = C be an L-Lipschitz pseudo-contraction such that F(T) # @. Assume the sequence {an} C [a, b]

for some a,b € (O, LLH) Then the scquence {z,} generated by {1.4) converges strongly to Ppery (si'g).

Very recently, Tang et al. [20] generalized the hybrid algorithm (1.4) in the case of the Ishikawa
iterative process as follows:

Un = (1~ ap)ey + @y T2p,
Zn = (1 —Gn)an + BnTn,
Cot1 = {veCn:lan(l ~ Diynll® € 20 (0 — v, (I — T Vojn) (1.5)
+2an B0 Llzn — Taollllyn ~ on + an{d = Thyml|},
Znt1 = Pouu. (z0)-
Under some appropriate conditions of {w,} and {8.}, they proved that (1.5) converges strongly to

Ppr)(zo)-

1(\/I()Jtivated and inspired by the above research work, in this paper, by employing (1.4) and (1.5),
we construct a sequence by using some appropriated closed convex sets based on the hybrid shrinking
projection methods to find a common solution of fixed point problems of a Lipschitz pseudo-contraction
and generalized mixed equilibrium problems in Hilbert spaces. More precisely, we also provide some
applications of the main theorem for finding the common element of the set of zeroes of & Lipschitz
monotone mapping and the set of generalized mixed equilibrium problems in Hilbert spaces.

2. PRELIMINARIES

Let H be areal Hilbert space with inner product (-,-) and norm || - || and let C be a closed convex
subset of H. For every point z € H, there exists a unique nearest point in C, denoted by Pz(z), such
that

lz—Pezll <z -yl Vyed, _
where Fg is called the metric projection of H onto C'. We know that Py is a nonexpansive mapping. It
is also known that H satisfies Opial’s condition, i.e., for any sequence {x,} with z, — z, the inequality
liminf |, — 2| < imiof |z, - |
0 =300

holds for every y € H with y £ = :
For a given sequence {zn} C C, let wyy(wy) = {2 : Iz,, — 2} denote the weak w-limit set of {zn}.
Now we recall some lemmas which wiil be used in the proof of the main result in the next section.
We note that Lemmas 2.1 and 2.2 are well known. -

Lemma 2.1. Lel H be a reel Hilbert space. There holds the following identity
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O o —oli® = llel® ~sl? -2 (e - y,0) Ve,ye B

Lemma 2.2. Let C be a closed conver subset of a real Hilbert space H. Givenz ¢ H and z € (.
Then z = Pox if and only if there holds the relation

(x—zy—2)<0 YyeC

For solving the equilibrium problem for & bifunction @ : ¢ x C — R, let us assume that © satisfies
the following condition:
(Al) ©(z,z) =0 forall z € C;
(A2) © is monotone, i.e., Oz, y) + Oy, z) <Oforall o,y € C;
(A3) for each 2,4,z € C,

limy6©(t2 + (1 - t)z,y) < B(z,y);

(A4) for each 2 € C, y — O(z, y) is convex and lower semi-continuous.

For a real Banach space E with norm | - |, duality product (-} and dual space B, the normalized
duality mapping J : B - 25" is defined by

Jr = {:c € B (2,2} = |af* = Hm“‘l|2} , forzek.

Lemma 2.3 (Blum and Oettli [1]). Let C be o nonemply closed convex subset of a smooth, strictly
conver ond reflexive Banach space E, and let © be g bifunction of C' x C into R satisfying (A1)-(A4).
Letr > 0 and z € E. Then, there exists z € C such that

O(z,y) + %(y— zoJz—Jx) > forally € C.

The proof of the following lemma appears in [19, Lemma 2.8].

Lemma 2.4. Let C be a closed conver subset of a uniformly smooth, strictly conver and reflexive
Banach space E, and let © be o bifunction from C x C to R satisfying (Al)-(A4). Forr > 0 and
z € F, define a mapping Ty : E — C as follows:

Tz = {zeC:@(z,y)-i—%(y—z,Jz—Jx) >0, for allyEC‘}

for allx € C. Then, the following hold:
() T3 is single-valued;
(ii) Tv 4s firmly nonexpansive-type mapping, i.e., for any z,y € H ,
(Tox — 1oy, JTox — JTog) < (Trx ~ Ty, Jx — Jy);
(iti) F(T,) = EP(©);
(iv) EP(®) is closed and convez.

Lemma 2.5 (Zhang [23]). Let C be o closed conver subset of a smooth, strictly convez and reflexive
Banach space E. Let A : C — E* be a continuous and monotone mapping, v : C = R be @ lower
semi-continuous and conver function, and @ be o bifunction of C x C to R satisfying (A1)-(A4). For
r > 0andx € E. Then, there exists u € ' such that

1
Ou, y) + {Au,y — u) + o(y) ~ o(u) + Sy —uJu—Jr), VyecC
Define a mapping K, : C — C as follows:

K.(z)= {u €C O, ¥} + (Au,y — u) + 0(y) ~ () + % (y—~u,Ju—Jr) >0,Vy € C}

Jor allx € C. Then, the following conclusions hold:
(i) Ky is single-valued;
(ii) X, is firmly nonerpansive-type mapping, i.e., for any z,y ¢ E,
(Ko — Koy, JKpw — JKpy) < (Kpw — Koy, Jo — Ju);
(iif) F(K,) =GMEP (0, A4, ©);
(iv) GMEP (0, A, ) is closed and CONveT;
(V) (p, Kr2) + $(Krz,2) < ¢(p, z), ¥pe K., z€E,

Remark 2.6. In the framework of a Hilbert space, it is well known that J = I and then I(, s firmly
nenexpansive.

il
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Lemma 2.7 ([24]). Let H be a real Hilbert space, C a closed conver subsel of HandT:C - Ca
continuous pseudo-contractive mapping, then

(1) F(T) is a closed convex subset of C.
{ii} T-T is demiclosed at zero, i.c., if {zn} is a sequence in C such that z, — z and (I-T)z, — 0,
then (I — T)z = 0,

Lemma 2.8 ([10]). Let C be a closed conver subset of H. Let {zn} be a sequence in H and u € H.
Let q = Pou. If {xn} is such that wy(z,) C C and satisfies the condition

llen —ull < Ju—qff Vn.

Then z, — q.

Lemma 2.9, Let @ # C C H be a closed conver set, o € R and
K={velC:a< f(v)},

where f is continuous and concave functional. Then the set K is closed and convez,

Proof. It is easy to see that the continuity of f yields the closeness of K, Notice that for all z,yE€K
and ¢ € [0,1], we have ta + (1 — &)y € C, f(z) > a, f () 2 a, and then the concavity of f allows
flz+ (1= ty) 2 tf(@)+ (1 - )f(y) 2 ta+ (1~ t)a = a.
Thus K is convex. 2
The following lemma provides some useful properties of a firmly nonexpansive mapping on a Hilbert
space.

Lemma 2.10 ([7, Lemma 2.5]). T is firmly nonezpansive if and only if (I —T) is firmly naﬂempansz‘ve..

3. MAIN RESULT"

Theorem 3.1. Let C be a nonempty closed conver subset of a real Hilbert space H, T': O -+ ' be
an L-Lipschitz pseudo-contraction. Let © be a bifunction from C x C into R satisfying (A1)-(A4),
@1 C =R be a lower semicontinuous and conver function, A: C — H be a continuous and monotone
maepping such that Q := F(T)NGMEP (0,A,¢) # 6. Let 2y € H. For Cr1 = C and 2y = Pe,(z0),
define a sequence {x.,} of C as follows:

( Yn = (1-an)an + 0, Tz,
Zn = (1 - ﬁn)mn + Bntin,
Un € O such that O(un,y) + (Atn,y — un) + oY) — @(un) + (Y — Uy un — T} 20,
Cpyr = {U € Ch: |lan(f - T)ynH2 +|zn = unll < 20 {n — v, (I- L)yn)
+\/($ﬂ Uy Iy ”ﬂ> (2008 L lyn — 0 + an (1 — Tynll + 1)}1
Tatl = P0n+: (930)

(3.1)

Assume the sequence {on}, {Bn} and {r,} are such that
1 0<asan$b<ﬁT<1foralineN,
(2)0< B <1 for alln e N,

(3) ra >0 for all n € N with lim infp, 0o 7 > 0.

Then {2} converges strongly to Pa(xq). |

Proof. By Lemma 2.7 (i) and Lemma 2.5 (iv), we see that F(T) and GMEP (8, A, ) are closed
and convex respectively, then Q is also, Hence Pn is well definad. Next, we will prove by induction !
that Q C G, foralln € N. Notoethat Q c C = Cy. Assume that < C), holds for some k > 1. Let ]

p € {2, thus p € C,. We observe that
N2 = = (T~ Tyl = llew — plI? — llon(T — Tyill® — 200 (T — Ty s — p — op (7 = Ty
= g = pl® = flowlI = Tyll® = 200 (T~ Ty — (T = T, — p) | |
=20 {({ ~ Ty, 2t — v — (I~ Thyr)
<l = ol llew (7 = Thyall® = 200, (T ~ Ty, 2 — 374 — (T - Ty)

| B
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llzs: = 2l ~ [ — ye) + (ue — 22 + @i (T - T2
=20 (I = Ty, xx — v ~ an(l = Tyr)
= e —pI® — flon —yell® ~ N — 2 + (7 — Tyl
=2 (@6 — Yoy — 2 o~ Dhye) — 200 (I — Tyw, @ — v — (I — T
< s =2l = lloe — ysll® = lye — xp + an(l - Typ)? .
+2] (zr — ye — (I — Dyn, zr — v — (] — Ty |. _ (3.2)
Consider the last term of (3.2), we obtain
Nk~ un — (T — Ty, g — x + 0 (T — Ty |

= gl {zk — Tar — (I — Ty, v — T + (T — Thyg) |
gl {ze — Top + Tae = T — (I — Ty, g — p + (T - Thyi) |
ar| (I — T)ar — (I = Tk, yk — ok + ar (I — Ty + (T — Tz, yp — 25 + ap(l — Ty |

< on(l+ Dllze -yl — zo + an (! = Tyl + axLllmg — 2ullllgr — o5 + e ~ Ty
ap(L+1
< D oyl + = 4 T~ D)

+onBsLiles ~ welllge — 2k + @l — Thyl. (3.3)
By connecting (3.2) and (3.3), and then by the assumption (1} on {o,}, we obtain
ler —p—onll = Thuell® < e — I — e — gall® ~ s — o + e (I — T)yxlf?
e (L + (Il = yall® + s — o -+ 0w (1 = Tye)?)
200k Lz — wpllys — @ + 0p(T — Tyl (3.4)
< lze = plI* + 2008 Lllzx — welllys — 22 + aw (7 - Ty
Notice that up = K, 25 and by Lemma 2.10, we observe that
lok —uwel® = N7~ Kp)aw — (7 - Ky, )|
< (- Kz~ {I - Kp)p, o0 — p)
(I = Kr)ze, 3% — D).

So, we have

l#r — urll < /{zx —~ pyor — up). (3.5)
Joining (3.4) and (3.5}, we obtain

Ik —p—au(I=Tyill* < foe—pl? +2018: L/ {ar — s, — wd s — 2+ (T—Tyel. {3.6)
Notice that

ok = p = crll = Dyyel® = Jow — plI* - 20 {ex — p, (T = Thy) + JowlZ — T)yall?. (3.7)
By (3.6) and (3.7), we have

o T—Thysll* < 205, (e ~ p, (T — Tyi) -+ 20 L {mr —pyn — ue)lys —ze+on(I— Tyl

(3.8)

Combining (3.8) and (3.5), we obtain

leew(F = Tyl + floe — ual

< 204 (@p = p, (T = Thye) + v {&e — pomi — wed (2088 L [l — T + (T — Thyel| + 1).

Therefore, p € Cp,y;. By mathematical induction, we have Q ¢ C, forallneN.

Let frl) = 200 {xr — (1), ( — TWn) v/ (En — ()sZn = ttn) (20mBnL lyn — zn + o (I = TYyall + 1),
it is not, hard to see that the linearity of (&, — (-),{I — T)yn) and (@ — (-), T ~ upn) together with
the continuity and concavity of m allow f,, to be continuous and concave. By Lemma 2.9, C,
is closed and convex for all n € N. Therefore, {z,,} is well defined. From Ty = Pr, (%g), we have




FPTA_40_edited 7

CONVERGENCE FOR GENERALIZED MIXED EQUILIBRIUM PROBLEMS AND A PSEUDO-CONTRACTION 7

(o — Tnyzn — y) 2 0 for all y € C,. Using & C C,,, we also have {0 — &r, Tp —u) 2 0 for ali u € Q.
So, for v € {1, we have

0 < <$g—$ﬂ,$ﬂ—ﬂ):(QJQ—CE”,mn”-CUD'I-.‘TJ[)*u)
= ﬂllwﬂ_mn”2+($D_$713$0"'U)
< —lzo — @ol® + im0 — wallilzy — uf].
Hence,
lzo - znll < |20 — u|| for all w € £ ' (3.9)

This implies that {2} is bounded and then {y,}, {Tyn} and {u,} are bounded too.
From z, = Pg, (zo) and 2,41 = Po, (o) € Cor C© €, we have

(37:0 ~ Tn,Tn — $n+1) = 0. (310)
Hence, '
0 S (330 — Tp,Lp — -rn-l—l) = (11"0 — En,Tn — Xg ‘+ Zg — mn-}-l)
= —Hmﬂ‘ﬁnﬂz'f'($0—$n,$0—$n+1)
< —llwo — zall® + 2o — 2 w0 — zppa |,

and therefore
”»’50 -zl € o — Znaal,

which implies that limy, e |2, — zoj| exists. From Lemma 2.1 and {3.10), we obtain

i

1{#n41 — 20) — {Tn — 20)]|2
lZn+1 = 20l = llzn — 2oli% — 2 (znsy — 2n, 2, —~ %o)
lznis —2ofl® ~ |zn — 202 =0 as n — oo,

a2 = a1

Ii

N

Since zp,41 € Cyy © Oy, we have
leta (T = Tyl + 120 — s
< 2a, (mn = Tntly (I - T)y‘n>

TV (T~ Tt B — U} (20080 L 1t — 2 + (T — Tyull + 1)
—+0 as n— oo

Therefore, we obtain
lyn —Tynll =0 and |z, —up) =0 as n— co.

‘We note that

[2n — T, || Zn = ynll + lm — Tynli + [ Tyn — Txn |

(L + Yl — Ynll + livn — Tynll

an(L+ Dllwn = Tzall + llym — Tyall

an(L + 1}z, — Tzall + an(L +1)|| T2, — Tzpll + yn — Tyn |

tn(L+ 1)z, — Tayl + onBnL(L + 1))z, — Unl| + Nogn — Tyl

VAN AN AN/

that is,
Ofn.BnL(L + 1)

— T || g RV 2

1
”iv“n—un”"‘l—:m“yn—Tyn”ﬂ‘O as m — oa,

Next, we will show that
ww(Ts) C 2. (3.11)

Since {2z} is bounded, the reflexivity of I guarantees that w.,(z,} # @. Let p € w,(%,), then there
exists a subsequence {2, } of {x,} such that z,, — p and by Lemma 2.7 (ii), we have p € F(T). On
the other hand, since |z, — un]| — 0 and z,, — p, we have tn, = p. Define G: Cx C = R by
Glz,y) = Oz, y) + (Az,y ~ 2) + ¢ly) — ¢(z) for all &,y € O It is not hard to verify that (& satisfies
conditions (A1)-(A4). Tt follows from u,, = K,. z, and {A42) that

i(y = Un, Uy — ) > Gy, uy,) for all y e O

Tn
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Replacing n by n;, we have

Un,

i

— Tn,

(y—um, ) 2 G(y:un«,)

T

By using (A4) and the assumption (3) on {r,}, we obtain 0 > {y,p) for all y € C. For t € (0,1} aud
y € C, let g = ty 4 (1 —t)p. So, from (A1) and (A4) we have : '

0= Gy, 1) = Glus, ty + (1 = 1)p) <tG(yr,y) + (1 - )Gwe, p) < 1y, v).
Dividing by ¢, we have
Gy, y) > 0forally e ¢

From (A3) we have 0 < lim; o G(y:,%) = limy_g Glty+ (1 -t)p,y) < G(p,y) forally € C, _é,nd hence
p € GMEP(©,4,¢). S0,pe F(T)NGMEP (8, A4,p) = 0 and then we have (8.11). Therefore, by
inequality (3.9) and Lemma 2.8, we obtain {z,} converges strongly to Pa{zp). This completes the
proof. ' ]

Remark 3.2. It is interesting that the assumption on a sequence of scalars {Bn} is a very mild
condition. This is a direct result of the firmly nonexpansiveness of I — K, . together with the structure
and the definition of the set Cy. If 8, = 0 for all n, then 2, = z,, and the sequence {y,} and {un}
are independent. However, the properties of C), still force to produce the sequence {z,} to cause a
convergence to the common solution Py (zg). '

If A =0 and ¢ = 0, then we have the following corollary.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, T': C' -+ C be an
L-Lipschitz pseudo-contraction. Let © be a bifunction from C x C into R satisfying (A1)-(A4), such
that ;= F(TYNEP(®) # @. Letwp € H. For C1 = C and 1 = P, (z0), define a sequence {zn} of
C as follows: .

Yn = {1 - O!n).'L'n + anTzns
Zn = (1 - }ﬁn)xn + ,Bn"'-*'fm
} € C such that ©(un, ¥) + 2-{y — tn, vty — ) 2 0,

Cpt1 = {'U eC,: HOIn(I - T)yn1|2 + ”-'En - Up|| < 20, (En - v, (= T)yn)
+\/(ﬂfn —~ Uy Ty, — Uy, (Qa’nﬂnL lom — 20 + an(I - T)ynH -+ 1)}5

Ta+1 = PCn+1(:UU)'

Assume the sequence {an}, {8} end {r,} are as in Theorem 3.1. Then {x,} converges strongly to
FPo(zo).

Corollary 3.4 (Yao et al.{22, Theovem 3.1]). Let C' be a nonempty closed conver subset of a real
Hilbert space H. Let T : C — C be an L-Lipschitz pseudo-contraction such that F(T) # @. Assume
that {cm} is a sequence such that 0 < o < @y € b < E-_lﬁ < 1 for all n. Then the sequence {x,}

generated by (1.4) converges strongly to Ppery (o).

Proof. Put®=0,4A=0,¢=0andr, =1 for all » > 1 in Theorem 3.1. Then, K, = Py for all
n 2 L. 8o, u, = Pz, for all n > 1(Note that z;, = Peo). Since @, = Po,zo € C, C C foralln > 1,
s0 we have u, = 2, and then 2, =z, foralln 2 1. Thus 2, — %, = 0 for all n = 1. For this reason,
{1.4) is a special case of (3.1). Applying Theorem 3.1, we have the desired result. - H

Recall that a mapping B is said to be monotone, if {z — y, Bz — By} z0forall 2,y £ H and inverse
strongly monotone if there exists a real number v > 0 such that {x — y,Bx — By) = | Bz — Byl|? for all
x,y € H. For thesecond case, B is said to be y-inverse strongly monotone. It follows immediately that
if B is «y-inverse strongly monotone, then B is monotone and Lipschitz continuous, that is, | Br— Byl <
;1; lz--y|l. The pseudo-contractive mapping and strictly pseudo-contractive mapping are strongly related
to the monotone mapping and inverse strongly monotone mapping, respectively. It is well known that

(i} B is monotone <= T := (I — B) is psendo-contractive.
(ii) B is inverse strongly monotone <= T":= (I — B3) is strictly pseudo-contractive.
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Indeed, for (ii), we notice that the following equality always holds in a real Hilbert space:
I - B)e - (I - Bjyl* = o =yl + | Bz ~ Byl* - 2 (x —y, Bz — By) V¥a,yc H, (3.12)
without loss of generality, we can assume that « € {0, %], and then it yields
{z —y, Bz — By) 2 ~{|Br — By||* <= ~2(z — y, Bx - By) < ~2v| Bz — By||
= (I = Blw — (I - B)yl® < [z~ gl + (1 - 2v)|| Bz — Byl* (via (3.12))
&= [T~ Tyl* < o —yl* + & (I = Tz — (I - T)yl?
(where T := (I — B) and 5 := 1 — 2).
Corollary 3.5. Let C, H, ©, A and © be as in Theorem 3.1 and let B+ H — H be an L-Lipschitz

monotone mapping such that @ = B~Y0)N GMEP(0,A,¢) £ @. Letxg € H. For ¢ = C and
21 = Pg, (wo), define o sequence {z,} of C as follows: :

( Yn = Tn— tn(Tn — 25) — @n Bz,
Zn = (1= fn)%n + Bntin,
Un € C such that Oun, y) + (Aun, ¥ ~ tn} + @) — $(tn) + U — un, w0 — 2,) >0,
Copr = {Tf € Gyt llonBya|? + llen — unll < 20n {Tn — v, Byn)
+\/<mn — U, %y — Un) (2008l lyn — 2, + an Byall + D
( Tntr = Po,y, (@),
(3.13)
Assume 0 <a < a, €b< 31?2- <1 foralin €N, {B.} and {rn} are as in Theorem 3.1. Then {z,}

converges strongly to Po{zq).

Proof.  Let T := (I ~ B). Then T is pseudo-contractive and (L + 2)-Lipschitz. Hence, it follows
- from Theorem 3.1, we have the desired result. B
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